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Abstract
We propose a Kaluza-Klein approach to general relativity of 4-dimensional
spacetimes. This approach is based on the (2,2)-splitting of a generic 4-
dimensional spacetime, which is viewed as a local product of a (1+1)-
dimensional base manifold and a 2-dimensional fibre space. In this Kaluza-
Klein formalism we find that general relativity of 4-dimensional spacetimes
can be interpreted in a natural way as a (1+1)-dimensional gauge theory. In
a gauge where the (1+1)-dimensional metric can be written as the Polyakov
metric, the action is describable as a (1+1)-dimensional Yang-Mills type gauge
theory action coupled to a (1+1)-dimensional non-linear sigma field and a
scalar field, subject to the constraint equations associated with the diffeomor-
phism invariance of the (1+1)-dimensional base manifold. Diffeomorphisms
along the fibre directions show up as the Yang-Mills type gauge symmetries,
giving rise to the Gauss-law constraints. We also present the Einstein’s equa-
tions in the Polyakov gauge and discuss them from the (1+1)-dimensional
gauge theory point of view. Finally we show that this Kaluza-Klein formal-
ism is closely related to the null hypersurface formalism of general relativity.
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I. INTRODUCTION
The exact correspondence of the Euclidean self-dual Einstein’s equations to the equa-
tions of motion of 2-dimensional non-linear sigma models with the target space as the area-
preserving diffeomorphism of 2-surface [1] has inspired us to look further into the intriguing
question whether the full-fledged general relativity of 4-dimensional spacetimes can be also
formulated as a certain (1+1)-dimensional field theory. Recently we have shown that such
a description is indeed possible, by rewriting the Einstein-Hilbert action of general relativ-
ity of 4-dimensional spacetimes as a 4-dimensional Kaluza-Klein (KK) action [2–4] in the
framework of the (2,2)-decomposition of spacetimes. In this KK approach, the 4-dimensional
spacetime is viewed, at least for a finite range of spacetime, as a locally fibred manifold that
consists of a (1+1)-dimensional base manifold and a 2-dimensional “auxiliary” fibre space.
Remarkably, it turns out that the KK approach, which is often thought a means of dimen-
sional reduction to 4-dimensional spacetimes from higher dimensions via isometries, can be
made a useful tool for studying general relativity of a generic spacetime of 4-dimensions from
the perspective of lower dimensional spacetimes such as the (1+1)-dimensional spacetime,
for instance.
There are certain advantages of this 4-dimensional KK approach to general relativity
in the (2,2)-splitting, which led us to develop this formalism. Here we list a few of them.
First of all, in (1+1)-dimensions, there exist a number of field theoretic methods recently
developed thanks to the string-related theories. Hopefully the rich mathematical methods
suitable for (1+1)-dimensional field theories might also prove useful in studying certain
aspects of general relativity of 4-dimensional spacetimes, provided that a sensible (1+1)-
dimensional field theory description of such spacetimes is available. In fact, in this KK
approach based on the (2,2)-splitting of spacetime, it will be seen that general relativity can
be understood in a natural way as a (1+1)-dimensional Yang-Mills type gauge theory coupled
to a (1+1)-dimensional non-linear sigma field and a scalar field, with built-in symmetries
and interactions prescribed by the diffeomorphism invariance of the associated 4-dimensional
spacetimes.
Second, this Yang-Mills type gauge theory description of general relativity simplifies
considerably certain issues concerned with the constraints. In Yang-Mills type theories, it is
well-known that the Gauss-law constraints associated with the Yang-Mills gauge invariance
can be made trivial, if we consider physical, gauge invariant quantities only. Thus, in
principle, one might expect that the problem of solving constraints of general relativity
could be made trivial, at least for some of them, if such a gauge theory description is
possible. In the (2,2)-KK approach, the relevant constraints that can be treated this way
are those associated with the group of diffeomorphisms of the 2-dimensional fibre space,
not the entire 4-dimensional spacetime. Of course the remaining two constraints must be
studied separately [5].
Third, in the null hypersurface formalism, it is well-known that the exact gravitational
wave degrees of freedom reside in the conformal 2-geometry of the wave front 2-surface,
transverse to the propagation direction of the gravitational wave. This identification of
the exact gravitational degrees of freedom has been particularly useful in the analysis of
gravitational waves in the asymptotically flat spacetimes [6,7], and in the asymptotic quan-
tization [8–10] and in the canonical analysis of the null hypersurface formalism [11–13], in
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the hope of getting quantum theory of gravity by quantizing the true physical degrees of
freedom of gravitational field. It turns out, as we shall see later, that the (2,2)-KK formal-
ism is in essence a novel reinterpretation of the null hypersurface formalism of 4-dimensional
vacuum general relativity from a (1+1)-dimensional point of view, using the Kaluza-Klein
ideas. Therefore we expect that this (2,2)-KK formalism will be most appropriate for study-
ing problems involving gravitational waves such as scatterings of gravitational waves, and
quantizing gravitational waves, or perhaps for quantum gravity.
Fourth, it is well-known that the null hypersurface formalism, particularly the Newman-
Penrose formalism, is outstanding as a method of finding exact solutions of the Einstein’s
equations. We expect that this feature will also survive in the (2,2)-KK formalism, in view
of the manifest correspondence of both formalisms, as is shown in section V and VI.
Last, but not the least, this (2,2)-KK formalism brings about unusual conceptual issues
related to the interpretation of general relativity. Namely, this (1+1)-dimensional descrip-
tion of 4-dimensional spacetimes allows us to forget about the 4-dimensional spacetime
picture of general relativity: instead, it enables us to study the subject much the way as we
study Yang-Mills type gauge theories coupled to matter fields in (1+1)-dimensions, where
the Yang-Mills gauge symmetry is an infinite dimensional group of diffeomorphisms of the
2-dimensional fibre space. Apart from the technical questions such as how to deal with
such an infinite dimensional group of diffeomorphisms, this (1+1)-dimensional field theory
description certainly puts 4-dimensional spacetime physics into a completely new perspec-
tive, from which a number of interesting speculations on general relativity of 4-dimensional
spacetimes could be put forward.
In view of these advantages of the KK formalism in the (2,2)-splitting and the related
null hypersurface formalism, it therefore seems worth exploring the (2,2)-KK formalism
carefully in order to see what could be learned more about general relativity of 4-dimensional
spacetimes. This paper is organized as follows. In section II, we shall outline the general
(2,2)-decomposition of 4-dimensional spacetimes, and introduce the KK variables without
assuming any spacetime Killing vector fields. It will be seen that the Lie derivative, rather
than the metric-compatible covariant derivative, appears naturally in this formalism. We
defer the details of computations to Appendix B.
In section III, we shall introduce a coordinate condition, known as the Polyakov gauge
in the literatures on (1+1)-dimensional field theories. In the Polyakov gauge, the scalar
curvature of 4-dimensional spacetime is found to assume a surprisingly simple form that
permits a natural (1+1)-dimensional field theoretic interpretation.
In section IV, we shall present the Einstein’s equations in the Polyakov gauge in terms
of the KK variables. The natural time coordinate in this formalism is found to be the affine
parameter of the null geodesics. It is worth noting that one of the Einstein’s equations in
this formalism can be written in a form of the Schro¨dinger equation, reminiscent of the Brill
wave equation.
In section V, a review of the null hypersurface formalism is given, and the relation be-
tween the KK variables and the null tetrads is explicitly shown. Then, in section VI, we
shall establish the correspondence between the KK field equations and the Einstein’s equa-
tions, using the well-known classification of the Einstein’s equations in the null hypersurface
formalism. We summarize this paper in section VII.
In Appendix A, we shall find the transformation properties of the KK variables without
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assuming any spacetime Killing vector fields, and identify the KK scalar, tensor and gauge
fields in the absence of such Killing vector fields. In Appendix B, we shall present the
prescription of computing the scalar curvature of 4-dimensional spacetimes, using the KK
variables. The intermediate steps of computations are also presented, in the hope that
computations can be relatively easily checked. We shall also present the surface terms in
the action integral for future references, although we shall not use them in this paper. In
Appendix C, it is shown that κ2, which appears in the discussion of the Einstein’s equations
in section IV, is positive definite.
II. KALUZA-KLEIN FORMALISM IN THE (2,2)-SPLITTING OF SPACETIMES
In this section we shall describe the general (2,2)-decomposition of 4-dimensional space-
times from the KK perspective, where spacetime is viewed as a locally fibred manifold, i.e.
a local direct product of a (1+1)-dimensional base manifold M1+1 and a 2-dimensional fibre
space N2, for which we introduce two pairs of basis vector fields ∂µ = ∂/∂x
µ (µ = 0, 1) and
∂a = ∂/∂y
a(a = 2, 3), respectively. Let us denote by ∂ˆµ the vector fields tangent to the
horizontal space, orthogonal to the fibre space N2. These horizontal vector fields can be
written as linear combinations of ∂µ and ∂a,
∂ˆµ = ∂µ − A aµ ∂a, (2.1)
where A aµ are the coefficient functions of the linear combinations. Let us denote by γµν the
metric on the horizontal space, and by φab the metric on N2, respectively. Then, without
loss of generality, the line element of the 4-dimensional spacetime can be written as [14,15]
ds2 = γµνdx
µdxν + φab
(
dya + A aµ dx
µ
)(
dyb + A bν dx
ν
)
, (2.2)
or in components,
gAB =
(
γµν + φabA
a
µ A
b
ν φabA
b
µ
φabA
a
ν φab
)
, (2.3)
where A = (µ, a). Formally this metric looks similar to the “dimensionally reduced” metric
in standard KK theories, but in fact it is quite different. In the standard KK reduction we
normally assume isometries, and the dimensional reduction is made by projection along the
directions generated by these isometries. There the fields A aµ are identified as the KK gauge
fields associated with the isometry group. In this paper, we do not assume such isometries:
nevertheless, it turns out that the KK idea still works. To see this, let us consider the
following coordinate transformations of N2 (diffN2), while keeping x
µ constant,
y
′a = y
′a(x, y),
x
′µ = xµ, (2.4)
where y
′a(x, y) is an arbitrary function of xµ and ya. Under these transformations, we find
the metric coefficients transform as (see Appendix A),
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φ′ab(x
′, y′) =
∂yc
∂y′a
∂yd
∂y′b
φcd(x, y), (2.5)
A
′a
µ (x
′, y′) =
∂y
′a
∂yc
A cµ (x, y)− ∂µy
′a(x, y), (2.6)
γ′µν(x
′, y′) = γµν(x, y), (2.7)
which follows from the invariance of the line element (2.2) under the diffN2 transformations.
Under the corresponding infinitesimal transformation
δya = ξa(x, y) (0(ξ2)≪ 1),
δxµ = 0, (2.8)
where ξa(x, y) is an arbitrary function of xµ and ya, the fields transform as
δφab(x, y) = −ξc∂cφab − (∂aξc)φcb − (∂bξc)φac
= −£ξφab
= −[ξ, φ]Lab, (2.9)
δA aµ (x, y) = −∂µξa + Acµ∂cξa − ξc∂cA aµ
= −∂µξa +£Aµξa
= −∂µξa + [Aµ, ξ]aL, (2.10)
δγµν(x, y) = −ξc∂cγµν
= −£ξγµν
= −[ξ, γµν ]L. (2.11)
Here ξ = ξa(x, y)∂a and Aµ = A
a
µ (x, y)∂a are vector fields tangent to N2, and the brackets
with the subscript L stand for the Lie derivatives
1. Associated with this diffN2 transforma-
tion, the diffN2-covariant derivative Dµ is defined naturally as
Dµ = ∂µ − [Aµ, ]L. (2.12)
With this definition, it follows that
δA aµ = −Dµξa, (2.13)
which clearly indicates that A aµ are the gauge fields valued in the infinite dimensional Lie
algebra of diffN2. Moreover, a covariant derivative of the field φab is defined as
Dµφab = ∂µφab − [Aµ, φ]Lab
= ∂µφab − A cµ ∂cφab − (∂aA cµ )φbc − (∂bA cµ )φac. (2.14)
The field strength F aµν corresponding to A
a
µ can now be defined as
1Here the Lie derivative is defined such that it acts on the fibre space indices a, b, c, · · · only.
5
F aµν = ∂µA
a
ν − ∂νA aµ − [Aµ, Aν ]aL
= ∂µA
a
ν − ∂νA aµ −A cµ ∂cA aν + A cν ∂cA aµ . (2.15)
As is shown in Appendix A, Dµφab and F
a
µν transform covariantly under the infinitesimal
transformation (2.8),
δ(Dµφab) = −ξc∂c(Dµφab)− (∂aξc)(Dµφbc)− (∂bξc)(Dµφac)
= −[ξ,Dµφ]Lab, (2.16)
δF aµν = −ξb∂bF aµν + F bµν ∂bξa
= −[ξ, Fµν ]aL. (2.17)
It must be marked here that, in the (2,2)-KK formalism, the Lie derivative, rather than the
covariant derivative, appears naturally2. Particularly, in the defining equation (2.12) of the
diffN2-covariant derivative, the Lie derivative along the vector fields Aµ is formally identical
to the Lie commutator through which the minimal couplings to gauge fields are introduced
in conventional gauge theories. Together with the fact that the Lie derivative and the Lie
commutator, which is usually represented by a finite dimensional matrix commutator, share
the same Lie algebraic properties at the abstract level, this observation suggests that the
Lie derivative, associated with diffN2 here, may be viewed as a natural infinite dimensional
generalization of the finite dimensional matrix commutator. The appearance of an infinite
dimensional symmetry such as diffN2 is not that surprising, since in general relativity the
underlying symmetry is the infinite dimensional group of diffeomorphisms of 4-dimensional
spacetime. It is the diffN2 symmetry, the subgroup of diffeomorphisms of 4-dimensional
spacetime, that shows up as a local gauge symmetry3 of the Yang-Mills type, where the
usual minimal couplings are replaced by the Lie derivatives along the vector fields Aµ. We
also note that φab and γµν transform as a tensor field and scalar fields under the diffN2
transformations, respectively, as can be seen from (2.9) and (2.11). This implies that the
(2,2)-KK formalism can be made a viable method of studying general relativity from the
standpoint of (1+1)-dimensional gauge theories with an infinite dimensional gauge symmetry
of the Yang-Mills type.
The prescription to obtain the scalar curvature of 4-dimensional spacetime in terms of
the KK variables is given in Appendix B. Here we present the result only. It is given by
R = γµνR˜µν + φ
acRac +
1
4
γµνγαβφabF
a
µα F
b
νβ +
1
4
γµνφabφcd
{
(Dµφac)(Dνφbd)
−(Dµφab)(Dνφcd)
}
+
1
4
φabγµνγαβ
{
(∂aγµα)(∂bγνβ)− (∂aγµν)(∂bγαβ)
}
+(∇ˆµ + Γˆ ccµ )jµ + (∇ˆa + Γˆ ααa )ja, (2.18)
2 There are occasions when the Lie derivative becomes the natural derivative operator. For
instance, at null infinity I+, the natural derivative operator is the Lie derivative, rather than the
covariant derivative ∇A, because the metric on I+ is degenerate with signature (0,+,+) [16].
3Here local means local in the (1+1)-dimensional base manifold M1+1.
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using the notations defined in Appendix B. The Einstein-Hilbert action is given by the
integral
S =
∫
d2xd2y
√−γ
√
φR, (2.19)
where γ = det γµν and φ = detφab. One can easily recognize that this action is in a form
of a (1+1)-dimensional field theory action. In geometrical terms the above action can be
understood as follows. First, γµνR˜µν is the scalar curvature
4 of the horizontal 2-space normal
to the fibre space N2. Second, φ
acRac is the scalar curvature of N2. When integrated over
N2, it becomes a number proportional to the Euler characteristics of the fibre space N2.
Namely, by the Gauss-Bonnet theorem, we have
∫
d2y
√
φφacRac = −4piχ, (2.20)
where χ is the Euler characteristics5. Third, apart from the last two terms containing jµ
and ja, which are surface terms as is shown in Appendix B, the remaining terms in (2.18)
are the extrinsic terms, telling how the two 2-surfaces are embedded into the enveloping
4-dimensional spacetime. They are the Yang-Mills term, and a generic non-linear sigma
model and a scalar field term. Thus, the Einstein-Hilbert action is describable as a (1+1)-
dimensional Yang-Mills type gauge theory coupled to a (1+1)-dimensional non-linear sigma
field and scalar fields of generic types, with intrinsic curvature terms of the two 2-surfaces.
The associated Yang-Mills gauge symmetry is the group of diffeomorphisms of N2.
Although the action (2.19) already has several features of gauge theories as described
above, it appears rather complicated that its practical value is a bit obscure. In the following
section, we will find a simple action integral, more faithful to the spirit of gauge theories, by
suitably gauge-fixing some of the spacetime diffeomorphisms. This gauge-fixing brings out
the Yang-Mills aspects of general relativity more clearly, as we shall see shortly.
III. KALUZA-KLEIN FORMALISM IN POLYAKOV GAUGE
In the previous section we presented the Einstein-Hilbert action in the general (2, 2)-
splitting of spacetimes in terms of the KK variables. The most noticeable features of the
above formalism, among others, are that the diffN2 symmetry appears as the built-in local
gauge symmetry of the Yang-Mills type and that A aµ can be identified as the associated
gauge fields. Let us recall that we can always gauge away two functions in the metric γµν by
a suitable coordinate transformation, so that the metric can be written as, at least locally,
4 It may be worth noting that, from the standpoint of the (1+1)-dimensional base manifoldM1+1,
the scalar curvature of the horizontal space looks like a “gauged” scalar curvature in that it has
the diffN2-valued gauge fields coupled to γµν in the curvature formula (B34).
5 Note that the extra minus sign in (2.20) is due to our sign convention of curvature formula,
which is the minus of more conventional one [15]. For instance χ is 2 for S2.
7
γµν =
(
−2h −1
−1 0
)
, γµν =
(
0 −1
−1 2h
)
. (3.1)
Let (u, v) be a new coordinate system on M1+1, in which the metric γµν is of the form (3.1).
In the coordinate (u, v, ya), the line element (2.2) in section II becomes
ds2 = −2 dudv − 2h du2 + φab
(
dya + A a+ du+ A
a
−
dv
)(
dyb + A b+du+ A
b
−
dv
)
. (3.2)
It is easy to see that the remaining fields φab, A
a
±
, and h still transform as a tensor field,
gauge fields, and a scalar field, respectively, under the diffN2 transformations. Under the
diffN2 transformations
y
′a = y
′a(u, v, y), u′ = u, v′ = v, (3.3)
we find that φab, A
a
±
, and h transform as
φ′ab(u
′, v′, y′) =
∂yc
∂y′a
∂yd
∂y′b
φcd(u, v, y), (3.4)
A
′a
±
(u′, v′, y′) =
∂y
′a
∂yc
A c
±
(u, v, y)− ∂±y′a(u, v, y), (3.5)
h′(u′, v′, y′) = h(u, v, y), (3.6)
where ∂+ = ∂/∂u and ∂− = ∂/∂v. Under the corresponding infinitesimal transformations
δya = ξa(u, v, y) (O(ξ2)≪ 1),
δu = δv = 0, (3.7)
they transform as
δφab(u, v, y) = −[ξ, φ]Lab, (3.8)
δA a
±
(u, v, y) = −D±ξa = −∂±ξa + [A±, ξ]aL, (3.9)
δh(u, v, y) = −[ξ, h]L. (3.10)
Here the Lie derivatives are defined as before,
[ξ, φ]Lab = ξ
c∂cφab + (∂aξ
c)φcb + (∂bξ
c)φac, (3.11)
[A±, ξ]
a
L = A
c
±
∂cξ
a − ξc∂cA a± , (3.12)
[ξ, h]L = ξ
c∂ch. (3.13)
This observation tells us two things. First, diffN2 is (a part of) the residual symmetry of
the line element (3.2), and the presence of this residual symmetry allows us to reduce the
metric further. To see this, let us consider the following infinitesimal transformation of the
gauge field A a
−
,
A
′a
−
= A a
−
− ∂−ξa + [A−, ξ]aL. (3.14)
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Let ξa be a solution of the equation A
′a
−
= 0. This equation defines a system of the first-
order linear partial differential equations [17] for ξa. The existence of a solution of the above
equation implies that we can always choose the gauge condition
A
′a
−
= 0, (3.15)
at least locally. When this condition is satisfied, the line element can be written as
ds2 = −2 dudv − 2h du2 + φab
(
dya + A a+ du
)(
dyb + A b+du
)
, (3.16)
and its inverse metric is given by
gAB =

 0 −1 0−1 2h A a+
0 A a+ φ
ab

 . (3.17)
The coordinate system in which the metric is of the form (3.16) shall be referred to as the
Newman-Unti coordinate [18], for reasons that will become clear in section V. Here we
simply note that the u = constant surface in (3.16) is a degenerate null hypersurface. The
null vector field that lies in the null hypersurface is ∂/∂v, since it has a zero norm. In each
null hypersurface labeled by u, the v = constant section defines a 2-dimensional spacelike
surface N2 transverse to the vector field ∂/∂v. In order to exhibit the diffN2 symmetry
manifest, however, we shall work mostly with the line element (3.2) without picking up the
condition (3.15), although we can always enforce this condition whenever necessary. Second,
it is clear that diffN2 can be still viewed as the local gauge symmetry of the Yang-Mills type,
in view of the transformation properties of the fields.
The scalar curvature of 4-dimensional spacetime in the Polyakov gauge (3.1) can be
written in a remarkably simple form. In order to see this, let us compute each term in (2.18)
in section II using the Polyakov metric. The formulae for the connection coefficients Γˆ αµν
are given in (B14) in Appendix B, which become, in the Polyakov gauge,
Γˆ +++ = −Γˆ −+− = −Γˆ −−+ = −D−h,
Γˆ −++ = D+h+ 2hD−h, (3.18)
and zero otherwise. Here D±h, the diffN2-covariant derivatives of the scalar field h, are
defined as
D±h = ∂±h− [A±, h]
= ∂±h−A a± ∂ah. (3.19)
The Ricci tensor R˜µν of the horizontal 2-space is given in (B34) in Appendix B. They
become, in the Polyakov gauge,
R˜−− = 0,
R˜+− = R˜−+ = −D2−h,
R˜++ = D+D−h−D−D+h− 2hD2−h
= −F a+−∂ah− 2hD2−h, (3.20)
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where in the last line we used the identity
D+D−h−D−D+h = −F a+−∂ah, (3.21)
where
F a+− = ∂+A
a
−
− ∂−A a+ − [A+, A−]aL. (3.22)
Therefore we have
γµνR˜µν = 2γ
+−R˜+−
= 2D2
−
h. (3.23)
Let us further notice that
γµν∂aγµν =
2√−γ ∂a
√−γ = 0, (3.24)
since
√−γ = 1. Also we have
γµνγαβ(∂aγµα)(∂bγνβ) = 0, (3.25)
since γ++ = 0 and γ+− = −1. Therefore it follows that
1
4
φabγµνγαβ
{
(∂aγµα)(∂bγνβ)− (∂aγµν)(∂bγαβ)
}
= 0, (3.26)
provided that the Polyakov gauge is chosen. The terms containing D±φab must also be
written in this gauge. The diffN2-covariant derivative of φab in the Polyakov gauge is defined
as
D±φab = ∂±φab − [A±, φ]Lab
= ∂±φab − A c±∂cφab − (∂aA c± )φcb − (∂bA c± )φac. (3.27)
It is well-known that, in the null hypersurface formalism of general relativity, the transverse
2-metric with a unit determinant, i.e. the conformal 2-metric [7,19–21] represents the two
physical degrees of freedom of gravitational field6. Let us therefore decompose the metric
φab of the fibre space N2 into a volume field φ and a conformal 2-metric ρab,
φab =
√
φ ρab = e
σρab, (3.28)
where ρab satisfies the condition
det ρab = 1, (3.29)
6The gauge in which the metric is of the form (3.2) may be viewed as an analog of the Coulomb
gauge in Maxwell’s theory, where the physical degrees of freedom are the transverse traceless vector
potentials, since a finite generalization of traceless condition is a unit determinant condition.
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so that φ = detφab. The field σ is related to φ by the equation
σ =
1
2
lnφ. (3.30)
Notice that ρab is a tensor density with the weight +1, and that φ is a scalar density with
the weight −2 with respect to the diffN2 transformation, respectively. Therefore the diffN2-
covariant derivatives7 of ρab and φ are naturally given by
D±ρab = ∂±ρab − [A±, ρ]Lab
= ∂±ρab − A c±∂cρab − (∂aA c± )ρcb − (∂bA c± )ρac + (∂cA c± )ρab, (3.31)
D±φ = ∂±φ− [A±, φ]L
= ∂±φ− A a± ∂aφ− 2(∂aA a± )φ, (3.32)
respectively. The diffN2-covariant of σ follows automatically from (3.32),
D±σ = ∂±σ − [A±, σ]L
= ∂±σ −A a± ∂aσ − ∂aA a± . (3.33)
Using the identity
ρabD±ρab = 0, (3.34)
which is as a trivial consequence of (3.29) and (3.31), we find that
φabD±φab = e
−σρab
{
eσ(D±σ)ρab + e
σD±ρab
}
= 2D±σ. (3.35)
Let us notice that we also have
φabφcd(D±φac)(D−φbd)
= e−2σρabρcd
{
eσ(D±σ)ρac + e
σ(D±ρac)
}{
eσ(D−σ)ρbd + e
σ(D−ρbd)
}
= 2(D±σ)(D−σ) + ρ
ab(D±σ)(D−ρab) + ρ
ab(D−σ)(D±ρab) + ρ
abρcd(D±ρac)(D−ρbd)
= 2(D±σ)(D−σ) + ρ
abρcd(D±ρac)(D−ρbd), (3.36)
using the equation (3.34). Therefore the term containing D±φab becomes
1
4
γµνφabφcd
{
(Dµφac)(Dνφbd)− (Dµφab)(Dνφcd)
}
= (D+σ)(D−σ)− 1
2
ρabρcd(D+ρac)(D−ρbd)− h
{
(D−σ)
2 − 1
2
ρabρcd(D−ρac)(D−ρbd)
}
. (3.37)
7In general, for the tensor density Tab··· with the weight w with respect to the diffN2 transforma-
tions, we have D±Tab··· = ∂±Tab··· − [A±, T ]Lab···, which includes the term +w(∂cA c±)Tab···.
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Also the Yang-Mills type term becomes,
1
4
γµνγαβφabF
a
µα F
b
νβ = −
1
2
eσρabF
a
+−F
b
+−. (3.38)
The remaining terms are the surface terms when integrated over the spacetime coordinates,
as is shown in Appendix B. For completeness, we shall evaluate them in the Polyakov gauge,
using the defining equations of j± and ja,
jµ = γµνφabDνφab, (3.39)
ja = φabγµν∂bγµν , (3.40)
as is given in (B41) and (B42) in Appendix B. From the equation (3.24) we have
ja = 0, (3.41)
and j± are found to be
j+ = −2D−σ, (3.42)
j− = −2D+σ + 4hD−σ. (3.43)
Therefore the surface term containing j± becomes,(
∇ˆµ + Γˆ ccµ
)
jµ = ∂ˆµj
µ + Γˆ µµν j
ν + Γˆ ccµ j
µ
= ∂ˆ+j
+ + ∂ˆ−j
− + Γˆ +++ j
+ + Γˆ −
−+ j
+ + Γˆ cc+ j
+ + Γˆ cc− j
−
=
(
∂ˆ+ + Γˆ
c
c+
)
j+ +
(
∂ˆ− + Γˆ
c
c−
)
j−, (3.44)
where we used the identities
Γˆ ++− = Γˆ
−
−−
= 0,
Γˆ +++ = −Γˆ −−+ = −D−h. (3.45)
Using the equation
Γˆ cc± = D±σ, (3.46)
which follows from (B27) in Appendix B and (3.35), the surface term finally becomes,
(
∇ˆµ + Γˆ ccµ
)
jµ = −2
(
∂+ − A a+ ∂a +D+σ
)
(D−σ)
−2
(
∂− − A a− ∂a +D−σ
)(
D+σ − 2hD−σ
)
. (3.47)
Thus, putting the equations (3.23), (3.26), (3.37), (3.38), and (3.47) all together into (2.18)
in section II, we obtain the scalar curvature8 Rp of 4-dimensional spacetime in the Polyakov
gauge. It is given by
8 Here the subscript p means that the quantity was evaluated in the Polyakov gauge.
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Rp = R2 + 2D
2
−
h− 1
2
eσρabF
a
+−F
b
+− + (D+σ)(D−σ)−
1
2
ρabρcd(D+ρac)(D−ρbd)
−h
{
(D−σ)
2 − 1
2
ρabρcd(D−ρac)(D−ρbd)
}
− 2
(
∂+ − A a+ ∂a +D+σ
)
(D−σ)
−2
(
∂− − A a− ∂a +D−σ
)(
D+σ − 2hD−σ
)
, (3.48)
where R2 = φ
acRac is the scalar curvature of the fibre space N2. The integral of Rp over the
4-dimensional spacetime, which we denote by Sp, is given by
Sp =
∫
du dv d2y eσRp, (3.49)
since
√−γ = 1. Ignoring the surface integrals coming from the last two terms in Rp, the
integral Sp can be written as
Sp =
∫
du dv d2y
[
− 1
2
e2σρabF
a
+−F
b
+− + e
σ(D+σ)(D−σ)− 1
2
eσρabρcd(D+ρac)(D−ρbd)
+eσR2 + 2e
σD2
−
h− heσ
{
(D−σ)
2 − 1
2
ρabρcd(D−ρac)(D−ρbd)
}]
+ surface terms. (3.50)
Let us now notice that the term eσD2
−
h can be written as
eσD2
−
h = −eσ(D−σ)(D−h) +D−
(
eσD−h
)
= −eσ(D−σ)(D−h) + ∂−
(
eσD−h
)
− ∂a
(
A a
−
eσD−h
)
. (3.51)
But the first term in (3.51) becomes
−eσ(D−σ)(D−h)
= hD−(e
σD−σ
)
−D−
(
heσD−σ
)
= heσ(D2
−
σ) + heσ(D−σ)
2 − ∂−
(
heσD−σ
)
+ ∂a
(
hA a
−
eσD−σ
)
. (3.52)
Therefore we find that eσD2
−
h becomes
eσD2
−
h = heσ(D2
−
σ) + heσ(D−σ)
2 + ∂−
(
eσD−h
)
− ∂−
(
heσD−σ
)
−∂a
(
A a
−
eσD−h
)
+ ∂a
(
hA a
−
eσD−σ
)
. (3.53)
Thus the integral Sp becomes
Sp =
∫
du dv d2y
[
− 1
2
e2σρabF
a
+−F
b
+− + e
σ(D+σ)(D−σ)− 1
2
eσρabρcd(D+ρac)(D−ρbd)
+eσR2 + 2he
σ
{
D2
−
σ +
1
2
(D−σ)
2 +
1
4
ρabρcd(D−ρac)(D−ρbd)
}]
+surface terms
≡
∫
du dv d2yLp + surface terms, (3.54)
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where the integrand Lp is defined as
Lp = −1
2
e2σρabF
a
+−F
b
+− + e
σ(D+σ)(D−σ)− 1
2
eσρabρcd(D+ρac)(D−ρbd)
+eσR2 + 2he
σ
{
D2
−
σ +
1
2
(D−σ)
2 +
1
4
ρabρcd(D−ρac)(D−ρbd)
}
. (3.55)
This Lagrangian density Lp can be naturally interpreted as describing the Yang-Mills type
gauge theory defined on the (1+1)-dimensional base manifold M1+1, interacting with the
(1+1)-dimensional “matter” fields ρab and σ. The associated local gauge symmetry is the
built-in diffN2 symmetry, the group of diffeomorphisms of the fibre space N2. It must be
mentioned here that each term in (3.55) is manifestly diffN2-invariant, and that the y
a-
dependence of each term is completely hidden in the Lie derivative. In this sense we may
view the fibre space N2 as a kind of internal space
9 as in Yang-Mills theory.
In order to derive the Einstein’s equations as the Euler-Lagrange equations of motion
in this KK formalism, the Lagrangian density Lp must be implemented with two equations
associated with gauge-fixing of the metric γµν of the horizontal 2-space to the Polyakov
metric. Notice that the eight field equations are obtainable from the Lagrangian density Lp.
In order to find the remaining two equations, we have to vary the general Einstein-Hilbert
action (2.19) in section II with respect to the general functions γ+− and γ−−, and then use
the Polyakov gauge condition γ+− = −1 and γ−− = 0 at the end of the variations. In
the next section we shall present the ten Einstein’s equations without giving the details of
derivations.
IV. THE EINSTEIN’S EQUATIONS
In this section we present the ten Einstein’s equations. The eight equations can be
obtained by varying Lp with respect to h, A a± , σ, and ρab subject to a unit determinant
condition. In order to enforce this condition, we must add to Lp a Lagrange multiplier term
λ
(
det ρab − 1
)
, (4.1)
where λ is a Lagrange multiplier to be determined. The eight Einstein’s equations are as
follows:
(a) 2eσ(D2
−
σ) + eσ(D−σ)
2 +
1
2
eσρabρcd(D−ρac)(D−ρbd) = 0, (4.2)
(b) D−
(
e2σρabF
b
+−
)
− eσ∂a(D−σ)− 1
2
eσρbcρde(D−ρbd)(∂aρce) + ∂b
(
eσρbcD−ρac
)
= 0, (4.3)
9 The integration over the ya-coordinates in (3.54) might be viewed as an infinite dimensional
generalization of taking finite dimensional trace over the fibre space indices in Yang-Mills theories
with some finite dimensional gauge symmetries.
(c) −D+
(
e2σρabF
b
+−
)
− eσ∂a(D+σ)− 1
2
eσρbcρde(D+ρbd)(∂aρce)
+∂b
(
eσρbcD+ρac
)
+ 2heσ∂a(D−σ) + he
σρbcρde(D−ρbd)(∂aρce) + 2e
σ∂a(D−h)
−2∂b
(
heσρbcD−ρac
)
= 0, (4.4)
(d) −2eσD2
−
h− 2eσ(D−h)(D−σ) + eσD+D−σ + eσD−D+σ + eσ(D+σ)(D−σ)
+
1
2
eσρabρcd(D+ρac)(D−ρbd) + e
2σρabF
a
+−F
b
+− − 2heσ
{
D2
−
σ +
1
2
(D−σ)
2
+
1
4
ρabρcd(D−ρac)(D−ρbd)
}
= 0, (4.5)
(e) h
{
eσD2
−
ρab − eσρcd(D−ρac)(D−ρbd) + eσ(D−ρab)(D−σ)
}
−1
2
eσ
(
D+D−ρab +D−D+ρab
)
+
1
2
eσρcd
{
(D−ρac)(D+ρbd) + (D−ρbc)(D+ρad)
}
−1
2
eσ
{
(D−ρab)(D+σ) + (D+ρab)(D−σ)
}
+eσ(D−ρab)(D−h) +
1
2
e2σρacρbdF
c
+−F
d
+− −
1
4
e2σρabρcdF
c
+−F
d
+− = 0. (4.6)
The remaining two equations associated with the variations with respect to γ+− and γ−−
are found as follows:
(f) eσD+D−σ + e
σD−D+σ + 2e
σ(D+σ)(D−σ)− 2eσ(D−h)(D−σ)
−1
2
e2σρabF
a
+−F
b
+− − eσR2 − heσ
{
(D−σ)
2 − 1
2
ρabρcd(D−ρac)(D−ρbd)
}
= 0, (4.7)
(g) −eσD2+σ −
1
2
eσ(D+σ)
2 − eσ(D−h)(D+σ) + eσ(D+h)(D−σ)
+2heσ(D−h)(D−σ) + e
σF a+−∂ah−
1
4
eσρabρcd(D+ρac)(D+ρbd) + ∂a
(
ρab∂bh
)
+h
{
− eσ(D+σ)(D−σ) + 1
2
eσρabρcd(D+ρac)(D−ρbd) +
1
2
e2σρabF
a
+−F
b
+− + e
σR2
}
+h2eσ
{
(D−σ)
2 − 1
2
ρabρcd(D−ρac)(D−ρbd)
}
= 0. (4.8)
The equations (4.2), (4.3), (4.4), (4.5), and (4.6) are the Euler-Lagrange equations of motion
corresponding to the variations in h, A a+ , A
a
−
, σ, and ρab, respectively, and the equations
(4.7) and (4.8) are the equations of motion of γ+− and γ−−, respectively. An inspection of
these equations reveals that the four equations (4.4), (4.7), and (4.8) do not contain second-
order derivative terms in v. This suggests that the affine parameter v may be identified as the
natural time coordinate in this formalism, and that these four equations are the constraint
equations restricting the initial value data on the v = constant hypersurface. Since these
four equations are written in the Polyakov gauge, they are expected to generate the residual
symmetry10 [5] of the line element (3.2), i.e. the symmetry that survives after the Polyakov
10 For the residual symmetry of this kind, see the discussions in [22] for instance.
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gauge is chosen. Thus, the equations (4.4) generate the diffN2 symmetry, and the equa-
tions (4.7) and (4.8) generate the residual symmetry associated with the reparametrization
invariance of the (1+1)-dimensional base manifold M1+1.
The remaining equations (4.2), (4.3), (4.5) and (4.6) are the evolution equations since
they contain the second-order v-time derivatives. Notice that the equation (4.2) can be
written in a form of the Schro¨dinger equation. Using the identity
2 D2
−
eσ/2 = eσ/2
{
D2
−
σ +
1
2
(D−σ)
2
}
, (4.9)
the equation (4.2) becomes
D2
−
ψ + κ2ψ = 0, (4.10)
where
ψ = eσ/2,
κ2 =
1
8
ρabρcd(D−ρac)(D−ρbd) ≥ 0. (4.11)
In Appendix C it is shown that κ2 is positive definite. It is a bilinear combination of the
gravitational current jab,
jab = ρ
acD−ρcb, (4.12)
formed by the conformal 2-metric ρab and its first v-time derivative. Since the true gravita-
tional degrees of freedom are known to reside in the conformal 2-metric ρab, we expect that
it is the gravitational current jab that transports the true gravitational degrees of freedom.
More often than not, important physical quantities appear in bilinear combinations of more
fundamental quantities. Thus, it is of interest to find what physical quantity κ2 represents,
being a bilinear in the “fundamental” gravitational current11.
The equation (4.10) is an analog of the Brill wave equation12 [23], as it is of the type of
the Schro¨dinger equation for a wave function corresponding to a state of zero energy in the
potential −κ2. Thus σ is a function that can be determined by the potential −κ2 up to some
integral “constant” function. The generic behavior of solutions of the equation is therefore
expected either of the scattering type, or of the bound-state or resonance type, corresponding
to the asymptotically flat spacetimes or spatially closed universes, respectively, on a par with
the Brill wave equation.
11In the case of the Brill wave equation, this quantity represents a kind of gravitational energies
associated with gravitational waves.
12 Although the equation (4.10) is a three dimensional P.D.E., it can be made a one dimensional
O.D.E. if the gauge condition A a− = 0 is chosen. Unlike the Brill wave equation, the wave function
eσ/2 here is the square root of the conformal factor of the two dimensional wavefront N2, the spatial
projection of the null hypersurface u = constant.
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V. THE NULL HYPERSURFACE FORMALISM
In this section we shall find that the KK formalism presented in previous sections is in
fact equivalent to the null hypersurface formalism. This becomes quite obvious if we recog-
nize that the coordinate system in which the Polyakov gauge condition and the extra gauge
condition A a
−
= 0 are simultaneously valid is precisely the Newman-Unti coordinate [18],
which is usually adopted in the null hypersurface formalism. We shall begin our discussions
by reviewing how the Newman-Unti coordinate is constructed in the null hypersurface for-
malism. Let us introduce a null vector field lA, which we may choose to be the minus of the
gradient of some scalar function u,
lA = −∇Au. (5.1)
From this we can define another scalar function v by the equation
lA
∂v
∂xA
= 1. (5.2)
Solving this equation for lA, we find that
lA =
∂xA
∂v
, (5.3)
which tells us that v is the (affine) parameter of the null curve generated by lA. Let us
choose x+ = u, x− = v, and xa = ya(a = 2, 3) as our coordinates. In this coordinate system,
the components of lA and l
A are given by
lA = −δ +A , lA = δ A− , (5.4)
respectively. From the following identity
lA = gABlB = δ
A
−
, (5.5)
we find that gA+ is given by
gA+ = −δ A
−
= (0, −1, 0, 0). (5.6)
The coordinate system (u, v, ya) in which the metric is of the form (5.6) is called the Newman-
Unti coordinate, and the metric (3.17) in section III is precisely of this form.
The complete set of the null tetrads (l, n, m, m¯) is defined by the following relations
l2 = n2 = m2 = m¯2 = l ·m = n ·m = 0,
l · n = −1, m · m¯ = 1, (5.7)
where m¯ is the complex conjugate of m. In terms of these null tetrads, the metric is given
by
gAB = −2n(AlB) + 2m(Am¯B). (5.8)
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FIG. 1. The relation between the kinematics of the null hypersurface formalism and that of the
Kaluza-Klein formalism in the (2,2)-splitting of spacetime is shown.
(a) The null hypersurface formalism: a null hypersurface labelled by u = constant is generated by
a null vector field ∂/∂v and two transverse vector fields ∂/∂ya.
(b) The Kaluza-Klein formalism: this shows the KK picture of the same geometry from the fibre
bundle point of view in the (2,2)-splitting of spacetime. Here the (1+1)-dimensional base manifold
M1+1 is generated by the vector fields ∂/∂u and ∂/∂v, and the 2-dimensional fibre space N2 is
generated by the vector fields ∂/∂ya.
In the Newman-Unti coordinate, these null tetrads can be explicitly constructed as fol-
lows. The first null tetrad l is given by
l = lA
∂
∂xA
=
∂
∂v
, (5.9)
which follows from the equation (5.4). The second null tetrad n is chosen such that the
following condition
lAnA = −1 (5.10)
holds. The most general form of n compatible with this condition can be written as
n = nA
∂
∂xA
=
∂
∂u
+ U
∂
∂v
+Xa
∂
∂ya
, (5.11)
as can be easily confirmed by inspection. The complex null tetrads m and m¯, which satisfy
the defining relation (5.7), with l and n given by (5.9) and (5.11), respectively, become
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m = mA
∂
∂xA
= ω
∂
∂v
+ ξa
∂
∂ya
, (5.12)
m¯ = m¯A
∂
∂xA
= ω¯
∂
∂v
+ ξ¯a
∂
∂ya
, (5.13)
where ω and ξa are complex quantities13. Putting together (5.9), (5.11), (5.12) and (5.13)
into (5.8), we find that
g++ = g+a = 0, g+− = −1,
g−− = −2U + 2ωω¯, g−a = −Xa + ωξ¯a + ω¯ξa,
gab = 2ξ(aξ¯b).
(5.14)
If we compare these metric coefficients with the ones given in (3.17) in section III, we find
that the KK variables can be written in terms of the null tetrads as
2h = −2U + 2ωω¯, (5.15)
A a+ = −Xa + ωξ¯a + ω¯ξa, (5.16)
φab = 2ξ(aξ¯b). (5.17)
Equivalently, the null tetrads can be written as
l =
∂
∂v
, (5.18)
n =
∂
∂u
+
(
− h + ωω¯
) ∂
∂v
+
(
− A a+ + ωξ¯a + ω¯ξa
) ∂
∂ya
, (5.19)
m = ω
∂
∂v
+ ξa
∂
∂ya
, and c.c.. (5.20)
VI. CLASSIFICATION OF THE FIELD EQUATIONS
It will be instructive to find how the KK field equations (4.2), · · ·, (4.8) in section IV are
related to the Einstein’s equations in the standard null hypersurface formalism. Let us recall
that, in the standard null hypersurface formalism, the Einstein’s equations are classified into
six main equations, one trivial equation, and three supplementary equations. Let GAB be
the Einstein tensor. Then the Einstein’s equations are classified as
(A) main equations : GABlB = 0, G
ABmAmB = 0 (6.1)
(B) trivial equation : GABmAm¯B = 0 (6.2)
(C) supplementary equations : GABnAmB = 0, G
ABnAnB = 0. (6.3)
13 Here we may choose the orientation of the complex null tetrad m such that ω = 0, since ∂/∂v
has a zero norm.
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Moreover, the Bianchi identity GAB;B = 0 can be used to prove the following lemma [7]: Sup-
pose that the main equations hold everywhere; then (i) the trivial equation holds everywhere,
and (ii) the supplementary equations hold everywhere if they hold at some v = constant
hypersurface.
In order to see what these classified equations are like in the Newman-Unti coordinate,
we have to find the covariant null tetrads (lA, nA, mA, m¯A) in the Newman-Unti coordinate
first, and then form the above combinations using them. Notice that lA is already given by
the equation (5.4) in section V. To find mA, we notice that
mA = m
BgAB
= ωgA− + ξ
agAa, (6.4)
since m+ = 0, m− = ω, and ma = ξa. Thus, using gAB in (3.16) in section III, we find that
the coefficients of the complex null tetrad m are given by
m+ = −ω + ξaA a+ , (6.5)
m− = 0, (6.6)
ma = ξa, (6.7)
where ξa = φabξ
b. Similarly, the equation
nA = n
BgAB (6.8)
gives
n+ = −2h− U +
(
ωξ¯a + ω¯ξa
)
A a+ , (6.9)
n− = −1, (6.10)
na = ωξ¯a + ω¯ξa, (6.11)
where we used the equation (5.11) and (5.16) in section V.
Let us now write the main equations, the trivial equation, and the supplementary equa-
tions in the Newman-Unti coordinate. GABlB can be written as
GABlB = −GABδ +B = −G+A. (6.12)
Therefore we have
GABlB = 0⇐⇒
{
G++ = 0, G+− = 0, G+a = 0
}
. (6.13)
Also GABmAmB becomes
GABmAmB = G
++m+m+ + 2G
+am+ma +G
abmamb
= Gabmamb
= Gabξaξb, (6.14)
where we used the equation (6.13). Thus the main equations (6.1) are equivalent to the
following set of equations
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{
GABlB = 0
GABmAmB = 0
}
⇐⇒
{
G++ = 0, G+− = 0, G+a = 0
Gabξaξb = 0
}
. (6.15)
Notice that GABmAm¯B becomes,
GABmAm¯B = G
++m+m¯+ +G
+am+m¯a +G
a+mam¯+ +G
abmam¯b
= Gabm(am¯b)
= Gabξ(aξ¯b), (6.16)
using the main equations. Therefore we have the following correspondence
GABmAm¯B = 0⇐⇒ Gabξ(aξ¯b) = 0, (6.17)
assuming that the main equations hold. Let us consider the supplementary equations now.
Using the main equations (6.15), GABnAmB becomes
GABnAmB = G
++n+m+ +G
+an+ma +G
−+n−m+ +G
−an−ma +G
a+nam+
+Gabnamb
= G−an−ma +G
abnamb
= −G−aξa + ω¯Gabξaξb + ωGabξ¯(aξb)
= −G−aξa, (6.18)
where in the last line we used the equations
Gabξaξb = 0 = G
abξ¯(aξb), (6.19)
which follow from the equations (6.15) and (6.17). Thus, provided that the main equations
and the trivial equation hold, we find that
GABnAmB = 0 = −G−aξa. (6.20)
This equation, together with its complex conjugate
G−aξ¯a = 0, (6.21)
yields
2G−aξ(aξ¯b) = G
−aφab = 0. (6.22)
This shows that the following sets of equations are equivalent,
GABnAmB = 0⇐⇒ G−a = 0, (6.23)
provided the main equations and the trivial equation hold. Finally let us notice that
GABnAnB becomes
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GABnAnB = G
++n+n+ +G
−−n−n− +G
abnanb + 2G
+−n+n− + 2G
+an+na
+2G−an−na
= G−−n−n− +G
abnanb + 2G
−an−na
= G−− +Gab
(
ωξ¯a + ω¯ξa
)(
ωξ¯b + ω¯ξb
)
− 2G−a
(
ωξ¯a + ω¯ξa
)
= G−−, (6.24)
where we again used the main equations and the trivial equation. From (6.23) and (6.24),
we find that the followings are equivalent:{
GABnAmB = 0
GABnAnB = 0
}
⇐⇒
{
G−a = 0
G−− = 0
}
. (6.25)
Putting these results together, the Einstein’s equations in the standard null hypersurface
formalism become, in the Newman-Unti coordinate, as follows:
(A) main equations :
{
GABlB = 0
GABmAmB = 0
}
⇐⇒
{
G++ = 0, G+− = 0, G+a = 0
Gabξaξb = 0
}
,
(B) trivial equation : GABmAm¯B = 0⇐⇒ Gabξ(aξ¯b) = 0, (6.26)
(C) supplementary equations :
{
GABnAmB = 0
GABnAnB = 0
}
⇐⇒
{
G−a = 0
G−− = 0
}
.
Having expressed the main equations, trivial equation, and supplementary equations in
the Newman-Unti coordinate, we now wish to group the KK field equations (4.2), · · ·, (4.8)
in accordance with the above classification. Let S be the Einstein-Hilbert action. The
variation of S with respect to the metric14 gAB is given by
δS =
∫
GABδgAB + surface terms
=
∫
Gµνδgµν +
∫
2Gµaδgµa +
∫
Gabδgab + surface terms, (6.27)
where the integration is over 4-dimensional spacetime. In terms of the KK variables (2.2)
in section II, the metric variations can be written as
δgµν = δγµν + A
a
µ A
b
ν δφab + φabA
a
µ δA
b
ν + φabA
b
ν δA
a
µ , (6.28)
δgµa = A
b
µ δφab + φabδA
b
µ , (6.29)
δgab = δφab. (6.30)
Therefore δS becomes
δS =
∫
Gµνδγµν +
∫
2
(
GµνφabA
b
ν +G
µbφab
)
δA aµ
+
∫ (
GµνA aµ A
b
ν + 2G
µaA bµ +G
ab
)
δφab + surface terms. (6.31)
14Here the notations are as before, i.e. A = (µ, a);µ = (0, 1) or (+,−), a = (2, 3).
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If we equate the coefficients of each variation in (6.31) to zero, we could obtain the Einstein’s
equations written in terms of the general KK variables without any gauge-fixing. If we use
the gauge condition (3.2) in section III at the end of the above variations, then we find
that15
δS =
∫ {
G++p δγ++ + 2G
+−
p δγ+− +G
−−
p δγ−− + 2
(
G++p φabA
b
+ +G
+−
p φabA
b
−
+G+bp φab
)
δA a+
+2
(
G−+p φabA
b
+ +G
−−
p φabA
b
−
+G−bp φab
)
δA a
−
+
(
G++p A
a
+A
b
+ + 2G
+−
p A
a
+A
b
−
+G−−p A
a
−
A b
−
+ 2G+ap A
b
+ + 2G
−a
p A
b
−
+Gabp
)
δφab
}
+surface terms. (6.32)
The equations resulting from these variations will be precisely the KK field equations, i.e.
the equations (4.2), · · ·, (4.8) in section IV. Notice that the equations of motion of φab,
G++p A
a
+A
b
+ + 2G
+−
p A
a
+A
b
−
+G−−p A
a
−
A b
−
+ 2G+ap A
b
+ + 2G
−a
p A
b
−
+Gabp = 0, (6.33)
can be split into three equations by taking trace with φab, and by multiplying with ξaξb and
its complex conjugate. The resultant equations are
(d) G++p φabA
a
+A
b
+ + 2G
+−
p φabA
a
+A
b
−
+G−−p φabA
a
−
A b
−
+ 2G+ap φabA
b
+
+2G−ap φabA
b
−
+Gabp φab = 0, (6.34)
(e) G++p (ξaA
a
+ )
2 + 2G+−p (ξaA
a
+ )(ξbA
b
−
) +G−−p (ξaA
a
−
)2 + 2G+ap ξaξbA
b
+
+2G−ap ξaξbA
b
−
+Gabp ξaξb = 0, and c.c., (6.35)
which correspond to the equations (4.5) and (4.6) in section IV obtained by the variations
with respect to σ and ρab (detρab = 1). Thus, together with the equations (6.34) and (6.35),
the complete set of the KK field equations in terms of the Einstein tensor becomes, in the
Polyakov gauge,
(a) G++p = 0, (6.36)
(b) G++p φabA
b
+ +G
+−
p φabA
b
−
+G+bp φab = 0, (6.37)
(c) G−+p φabA
b
+ +G
−−
p φabA
b
−
+G−bp φab = 0, (6.38)
(f) G+−p = 0, (6.39)
(g) G−−p = 0. (6.40)
Notice that the right hand side of the classification (6.26) requires the main equations be
valid throughout. Thus, if we assume that G++p = 0, G
+−
p = 0, G
+a
p = 0, and A
a
−
= 0, the
equations (6.34), · · ·, (6.40) become,
15Here the subscript p in G
AB
p stands for the Einstein tensor G
AB evaluated in the Polyakov gauge
(3.2) in section III.
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(a) G++p = 0, (6.41)
(b) G+ap = 0, (6.42)
(c) G−ap = 0, (6.43)
(d) Gabp ξ(aξ¯b) = 0, (6.44)
(e) Gabp ξ(aξb) = 0, and c.c., (6.45)
(f) G+−p = 0, (6.46)
(g) G−−p = 0. (6.47)
It is well-known that the four equations G−A = 0, when x− = v is viewed as the time
coordinate, are the four constraint equations of the vacuum general relativity. These are the
equations (6.43), (6.46), and (6.47), which correspond in the KK formalism to the constraint
equations (4.4), (4.7), and (4.8) in section IV, since only the first v-time derivatives appear
in these equations.
VII. DISCUSSIONS
In this paper, we presented the KK formalism of general relativity of 4-dimensional
spacetimes, viewing the spacetime as a fibred manifold, namely, a local product of the
(1+1)-dimensional base manifold and the 2-dimensional fibre space. Within this framework,
we made a decomposition of a given 4-dimensional spacetime metric into sets of fields which
transform as a tensor field, gauge fields, and scalar fields, with respect to the group of
diffeomorphisms of the 2-dimensional fibre space. Moreover, using the Polyakov gauge, we
arrived at an amazingly simple expression of the Einstein-Hilbert action, i.e. a Yang-Mills
type gauge theory action coupled to a non-linear sigma field and a scalar field. Then we
presented the Einstein’s equations in terms of these fields.
This KK approach has several advantages, as we already mentioned. In connection with
issues of quantum gravity, this approach has the following aspects which deserve further
remarks. First, the problem of solving the Einstein’s constraint equations is known to be
one of the most important tasks in quantum general relativity. Remarkably, in the (2,2)-
KK approach, the diffeomorphisms of the 2-dimensional fibre space turns out to be a local
gauge symmetry, exactly as in Yang-Mills theory. Therefore the two constraint equations
associated with these diffeomorphisms can be automatically solved, by using the diffN2-
invariant quantities. However, there are two additional constraint equations which require
further studies [5] in order to fully take care of the four Einstein’s constraint equations.
Second, the Polyakov gauge is shown to be equivalent to the Newman-Unti coordinate,
modulo the diffN2 transformations. It is well-known that, in the null hypersurface formalism
in the Newman-Unti coordinate, the physical gravitational degrees of freedom can be easily
isolated, whereas in the standard (3+1)-formalism or in the ADM formalism such an isolation
can be done only in the linearized theory. Hence the KK formalism in the Polyakov gauge
shares this salient feature of the null hypersurface formalism: it is the non-linear sigma field
ρab with a unit determinant that is precisely the physical gravitational degrees of freedom,
which are also known as the conformal 2-metric of the transverse 2-surface in the null
hypersurface formalism.
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Third, it is also of interest to find how the lightcones fluctuate in quantum gravity. In
the formalism it is quite easy to address this issue. Recall that a lightcone is a collection of
null vector fields originating from a given spacetime point. The relevant null vector field is,
as given in section V (with ω = 0),
n =
∂
∂u
− h ∂
∂v
− A a+
∂
∂ya
, (7.1)
which clearly has a zero norm. This vector field is controlled by the fields h and A a+ .
Therefore, by quantizing these fields, we can quantize the lightcone itself without referring
to any background spacetime geometry.
Fourth, it should be mentioned that the Lie derivative appears naturally in this formal-
ism, via the minimal couplings to the diffN2-valued gauge fields. In the standard (3+1)-
formalism, the natural derivative operator is the metric-compatible covariant derivative,
which requires the metric be non-degenerate. The Lie derivative, on the other hand, can
be defined even when the metric is degenerate. Therefore, the KK formalism, based on
the notion of the Lie derivative, should be extendable to spacetimes where the metric is
degenerate, which would be hard to describe in conventional approaches.
One may also attack more “practical” problems in classical general relativity. For in-
stance, we expect the KK formalism to be useful for problems such as finding exact solutions
of the Einstein’s equations [24], in view of the fact that the null hypersurface formalism,
particularly the Newman-Penrose version, has been proven extremely useful for such prob-
lems. To those problems concerned with asymptotically flat radiative spacetimes [5] or
gravitational waves in general, the new formalism may be also applicable. A related but
probably more challenging problem is to reinterpret all the known exact solutions of the
Einstein’s equations from the perspective of the Yang-Mills type gauge theories coupled to
the non-linear sigma field and a scalar field on the (1+1)-dimensional base manifold. This
seems very interesting, for there are a number of exact solutions of the Einstein’s equations
which do not permit a sensible physical interpretation from the 4-dimensional spacetime
perspective [25].
Finally, we would like to remark on the question of finiteness of quantum gravity. Since
the question whether a theory is renormalizable or not depends critically on what spacetime
dimensions the theory is defined on, this (1+1)-dimensional description of general relativity
of 4-dimensions may lead to a happy conclusion that quantum gravity is, after all, a finite
theory, at least when viewed from this (1+1)-dimensional field theory perspective.
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APPENDIX A: DIFFN2 TRANSFORMATIONS
In this Appendix we shall first derive the finite transformation properties (2.5), (2.6), and
(2.7) and the corresponding infinitesimal transformation properties (2.9), (2.10), and (2.11),
and then show that Dµφab and F
a
µν transform covariantly under the diffN2 transformations,
as given in (2.16) and (2.17) in section II. The spacetime metric at the point (xµ, ya) is
given by (2.2) in section II,
ds2 = γµνdx
µdxν + φab
(
dya + A aµ dx
µ
)(
dyb + A bν dx
ν
)
=
(
γµν + φabA
a
µ A
b
ν
)
dxµdxν + 2φabA
a
µ dx
µdyb + φabdy
adyb. (A1)
Let us consider the following arbitrary transformation of the ya-coordinate at each point of
the base manifold xµ, while keeping xµ constant,
y
′a = y
′a(x, y),
x
′µ = xµ, (A2)
where y
′a(x, y) is an arbitrary function of xµ and ya. Then we have
dy
′a =
(∂y′a
∂yc
)
dyc +
(∂y′a
∂xµ
)
dxµ,
dx
′µ = dxµ, (A3)
or equivalently,
dya =
∂ya
∂y′c
{
dy
′c −
(∂y′c
∂xµ
)
dx
′µ
}
,
dxµ = dx
′µ. (A4)
Thus we can express the metric at the point (xµ, ya) in terms of the differentials of the new
coordinates dx
′µ and dy
′a. The term proportional to dxµdya in (A1) becomes
2φab(x, y)A
a
µ (x, y)dx
µdyb
= 2φab(x, y)A
a
µ (x, y)dx
′µ
( ∂yb
∂y′c
){
dy
′c −
(∂y′c
∂xν
)
dx
′ν
}
= 2
( ∂yb
∂y′c
)
φab(x, y)
( ∂ya
∂y′d
)(∂y′d
∂ye
)
A eµ (x, y)dx
′µ
{
dy
′c −
(∂y′c
∂xν
)
dx
′ν
}
= 2
( ∂ya
∂y′c
)( ∂yb
∂y′d
)
φab(x, y)
(∂y′d
∂ye
)
A eµ (x, y)dx
′µ
{
dy
′c −
(∂y′c
∂xν
)
dx
′ν
}
, (A5)
where the (xµ, ya)-dependence of each field is shown explicitly, and the identity
( ∂ya
∂y′d
)(∂y′d
∂ye
)
= δ ae (A6)
was used. The term containing dyadyb becomes
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φab(x, y)dy
adyb
= φab(x, y)
( ∂ya
∂y′c
)( ∂yb
∂y′d
){
dy
′c −
(∂y′c
∂xµ
)
dx
′µ
}{
dy
′d −
(∂y′d
∂xν
)
dx
′ν
}
=
( ∂ya
∂y′c
)( ∂yb
∂y′d
)
φab(x, y)
{
dy
′cdy
′d − 2
(∂y′d
∂xµ
)
dy
′cdx
′µ +
(∂y′c
∂xµ
)(∂y′d
∂xν
)
dx
′µdx
′ν
}
. (A7)
Therefore the line element (A1) becomes
ds2 =
{
γµν(x, y) + φab(x, y)A
a
µ (x, y)A
b
ν (x, y)
}
dx
′µdx
′ν
+
( ∂ya
∂y′c
)( ∂yb
∂y′d
)
φab(x, y)
{
dy
′cdy
′d − 2
(∂y′d
∂xµ
)
dy
′cdx
′µ +
(∂y′c
∂xµ
)(∂y′d
∂xν
)
dx
′µdx
′ν
}
+2
( ∂ya
∂y′c
)( ∂yb
∂y′d
)
φab(x, y)
(∂y′d
∂ye
)
A eµ (x, y)dx
′µ
{
dy
′c −
(∂y′c
∂xν
)
dx
′ν
}
= γµν(x, y)dx
′µdx
′ν +
( ∂ya
∂y′c
)( ∂yb
∂y′d
)
φab(x, y)dy
′cdy
′d
+2
( ∂ya
∂y′c
)( ∂yb
∂y′d
)
φab(x, y)
{(∂y′d
∂ye
)
A eµ (x, y)−
∂y
′d
∂xµ
}
dx
′µdy
′c
+φab(x, y)
{
A aµ (x, y)A
b
ν (x, y)− 2
( ∂ya
∂y′c
)( ∂yb
∂y′d
)(∂y′d
∂ye
)
A eµ (x, y)
(∂y′c
∂xν
)
+
( ∂ya
∂y′c
)( ∂yb
∂y′d
)(∂y′c
∂xµ
)(∂y′d
∂xν
)}
dx
′µdx
′ν , (A8)
which must be equal to
ds
′2 = γ′µν(x
′, y′)dx
′µdx
′ν + φ′ab(x
′, y′)
{
dy
′a + A
′ a
µ (x
′, y′)dx
′µ
}{
dy
′b + A
′ b
ν (x
′, y′)dx
′ν
}
, (A9)
due to the diffeomorphism invariance. If we compare terms containing dy
′ady
′b in (A8) and
(A9), we find that
φ′ab(x
′, y′) =
( ∂yc
∂y′a
)( ∂yd
∂y′b
)
φcd(x, y), (A10)
which shows that φcd(x, y) is a tensor field with respect to the diffN2 transformations. Then
we may write the line element (A8) as
ds2 = γµν(x, y)dx
′µdx
′ν + φ′cd(x
′, y′)dy
′cdy
′d + 2φ′cd(x
′, y′)
{(∂y′d
∂ya
)
A aµ (x, y)−
∂y
′d
∂xµ
}
dx
′µdy
′c
+φ′cd(x
′, y′)
{(∂y′c
∂ya
)
A aµ (x, y)−
∂y
′c
∂xµ
}{(∂y′d
∂yb
)
A bν (x, y)−
∂y
′d
∂xν
}
dx
′µdx
′ν . (A11)
From this expression, we find the transformation properties of A aµ (x, y) and γµν(x, y),
A
′ a
µ (x
′, y′) =
(∂y′a
∂yb
)
A bµ (x, y)−
∂y
′a
∂xµ
(x, y), (A12)
γ′µν(x
′, y′) = γµν(x, y). (A13)
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The equations (A10), (A12), and (A13) are the equations (2.5), (2.6), and (2.7) in section
II.
The infinitesimal versions of the above finite transformations can be also found by con-
sidering the following transformations
y
′a = ya + ξa(x, y) (O(ξ2)≪ 1),
x
′µ = xµ, (A14)
where ξa is an arbitrary, infinitesimal function of xµ and ya. Thus we have
∂y
′a
∂yc
= δ ac +
∂ξa
∂yc
, (A15)
or
∂yc
∂y′a
= δ ca −
∂ξc
∂ya
+ · · · , (A16)
where · · · means terms of O(ξ2). Let us expand the left hand side of the equation (A10)
using (A14). It becomes
φ′ab(x
′, y + ξ) = φ′ab(x, y) + ξ
c ∂
∂yc
φab(x, y) + · · · , (A17)
whereas the right hand side becomes
( ∂yc
∂y′a
)( ∂yd
∂y′b
)
φcd(x, y) =
(
δ ca −
∂ξc
∂ya
+ · · ·
)(
δ db −
∂ξd
∂yb
+ · · ·
)
φcd(x, y)
= φab(x, y)− ∂ξ
c
∂ya
φcb(x, y)− ∂ξ
c
∂yb
φac(x, y) + · · · . (A18)
From (A17) and (A18), we therefore have
δφab(x, y) ≡ φ′ab(x, y)− φab(x, y)
= −ξc ∂
∂yc
φab(x, y)− ∂ξ
c
∂ya
φcb(x, y)− ∂ξ
c
∂yb
φac(x, y)
= −[ξ, φ]Lab, (A19)
where the subscript L denotes the Lie derivative of φab along the vector field ξ = ξ
c∂/∂ya,
i.e.
[ξ, φ]Lab = ξ
c ∂
∂yc
φab +
∂ξc
∂ya
φcb +
∂ξc
∂yb
φac. (A20)
It is a straightforward exercise to derive the infinitesimal transformation properties A aµ and
γµν from the finite transformations (A12) and (A13). They are found to be
δA aµ (x, y) = −
∂ξa
∂xµ
+ [Aµ, ξ]
a
L
= −Dµξa, (A21)
δγµν(x, y) = −[ξ, γµν ]L, (A22)
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where the Lie brackets are defined as
[Aµ, ξ]
a
L = A
c
µ
∂ξa
∂yc
− ξc ∂
∂yc
A aµ ,
[ξ, γµν ]L = ξ
a ∂
∂ya
γµν . (A23)
The equations (A19), (A21), and (A22) show that φab, A
a
µ , and γµν behave like a tensor
field, gauge fields, and scalar fields under the diffN2 transformation, respectively. These are
the equations (2.9),(2.10), and (2.11) in section II.
Let us also derive the following transformation properties of Dµφab and F
a
µν under the
diffN2 transformations,
δ(Dµφab) = −[ξ,Dµφ]Lab, (A24)
δF aµν = −[ξ, Fµν ]aL, (A25)
as given in equations (2.16) and (2.17) in section II. Notice that
δ(Dµφab) = ∂µ(δφab)− (δA cµ )(∂cφab)−A cµ ∂c(δφab)− ∂a(δA cµ )φbc
−(∂aA cµ )δφbc − ∂b(δA cµ )φac − (∂bA cµ )δφac
= −∂µ
(
[ξ, φ]Lab
)
+ (Dµξ
c)(∂cφab) + A
c
µ ∂c
(
[ξ, φ]Lab
)
+ ∂a(Dµξ
c)φbc
+(∂aA
c
µ )[ξ, φ]Lbc + ∂b(Dµξ
c)φac + (∂bA
c
µ )[ξ, φ]Lac
= −∂µ
(
[ξ, φ]Lab
)
+ [Aµ, [ξ, φ]L]Lab + [Dµξ, φ]Lab, (A26)
using the equations (A19) and (A21), and the following Lie brackets
[Aµ, [ξ, φ]L]Lab = A
c
µ ∂c
(
[ξ, φ]Lab
)
+ (∂aA
c
µ )[ξ, φ]Lbc + (∂bA
c
µ )[ξ, φ]Lac, (A27)
[Dµξ, φ]Lab = (Dµξ
c)(∂cφab) + ∂a(Dµξ
c)φbc + ∂b(Dµξ
c)φac. (A28)
Using the Leibniz rule of the derivative ∂µ
∂µ
(
[ξ, φ]Lab
)
= [∂µξ, φ]Lab + [ξ, ∂µφ]Lab, (A29)
and the properties of the Lie bracket
[Dµξ, φ]Lab = [∂µξ, φ]Lab − [[Aµ, ξ]L, φ]Lab, (A30)
[Aµ, [ξ, φ]L]Lab = −[ξ, [φ,Aµ]L]Lab − [φ, [Aµ, ξ]L]Lab, (A31)
we find that
δ(Dµφab) = −[ξ, ∂µφ]Lab + [ξ, [Aµ, φ]L]Lab
= −[ξ,Dµφ]Lab. (A32)
The infinitesimal variation of F aµν can be obtained in a similar way. It becomes
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δF aµν = ∂µ(δA
a
ν )− [δAµ, Aν ]aL − (µ↔ ν)
= −∂µ
{
∂νξ
a − [Aν , ξ]aL
}
+ [Dµξ, Aν ]
a
L − (µ↔ ν)
= ∂µ
(
[Aν , ξ]
a
L
)
+ [Dµξ, Aν]
a
L − (µ↔ ν). (A33)
Using the following identities
∂µ
(
[Aν , ξ]
a
L
)
= [∂µAν , ξ]
a
L + [Aν , ∂µξ]
a
L, (A34)
[Dµξ, Aν]
a
L = −[Aν , Dµξ]aL = −[Aν , ∂µξ]aL + [Aν , [Aµ, ξ]L]aL, (A35)
we find that
δF aµν = [∂µAν , ξ]
a
L + [Aν , [Aµ, ξ]L]
a
L − (µ↔ ν)
= [∂µAν − ∂νAµ, ξ]aL + [Aν , [Aµ, ξ]L]aL − [Aµ, [Aν , ξ]L]aL
= −[ξ, ∂µAν − ∂νAµ − [Aµ, Aν ]L]aL
= −[ξ, Fµν ]aL, (A36)
where we used the Jacobi identity
[Aν , [Aµ, ξ]L]
a
L = −[Aµ, [ξ, Aν ]L]aL − [ξ, [Aν , Aµ]L]aL. (A37)
Therefore it follows that
δF aµν = −[ξ, Fµν ]aL. (A38)
APPENDIX B: THE EINSTEIN-HILBERT ACTION IN THE (2,2)-SPLITTING
In this Appendix we shall describe the procedure of obtaining the scalar curvature (2.18)
in section II of 4-dimensional spacetime. In the (2,2)-splitting of spacetime, we regard the
4-dimensional spacetime in question as a local product of a (1+1)-dimensional base manifold
M1+1 and a 2-dimensional fibre space N2, whose basis vector fields are ∂µ and ∂a, respectively.
The (1+1)-dimensional space orthogonal to the fibre space N2 is called the horizontal space,
generated by the vector fields that can be written as linear combinations of ∂µ and ∂a,
∂ˆµ = ∂µ −A aµ ∂a, (B1)
where A aµ are the coefficient functions of (x
µ, ya). Let ∂ˆa be such that
∂ˆa = ∂a. (B2)
The basis (∂ˆµ, ∂ˆa) is called the horizontal lift basis [14], and the metric coefficients in this
basis are given by
gˆAB =
(
γµν 0
0 φab
)
. (B3)
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Here γµν and φab are the metrics of the horizontal space and the fibre space, respectively,
and that
gˆµa = 0 (B4)
is a consequence of the orthogonality of the horizontal space and the fibre space. In general,
the horizontal lift basis vector fields are anholonomic,
[∂ˆA, ∂ˆB] = f
C
AB ∂ˆC , (B5)
where f CAB are the structure functions satisfying the relation
f CAB = f
C
[AB] . (B6)
These structure functions are found to be
f aµν = −f aνµ = −F aµν ,
f bµa = −f baµ = ∂aA bµ , (B7)
and zero otherwise. Here F aµν is defined as
F aµν = ∂µA
a
ν − ∂νA aµ − [Aµ, Aν ]aL, (B8)
as before.
The formulae of the connection coefficients and the curvature tensors in the anholonomic
basis can be found in [14,15]. In the horizontal lift basis where the metric is given by (B3),
they are given by
Γˆ CAB =
1
2
gˆCD
(
∂ˆAgˆBD + ∂ˆB gˆAD − ∂ˆDgˆAB
)
+
1
2
gˆCD
(
fABD − fBDA − fADB
)
, (B9)
Rˆ DABC = ∂ˆAΓˆ
D
BC − ∂ˆBΓˆ DAC + Γˆ DAE Γˆ EBC − Γˆ DBE Γˆ EAC − f EAB Γˆ DEC , (B10)
RˆAC = Rˆ
B
ABC , (B11)
R = gˆACRˆAC , (B12)
where fABC = gˆCDf
D
AB . Notice that in this basis Γˆ
C
AB is, in general, not symmetric:
Γˆ CAB 6= Γˆ CBA if f CAB 6= 0. (B13)
In components the connection coefficients are given by
Γˆ αµν =
1
2
γαβ
(
∂ˆµγνβ + ∂ˆνγµβ − ∂ˆβγµν
)
, (B14)
Γˆ aµν = −
1
2
φab∂bγµν − 1
2
F aµν , (B15)
Γˆ νµa = Γˆ
ν
aµ =
1
2
γνα∂aγµα +
1
2
γναφabF
b
µα , (B16)
Γˆ bµa =
1
2
φbc∂ˆµφac +
1
2
∂aA
b
µ −
1
2
φbcφae∂cA
e
µ
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=
1
2
φbcDµφac + ∂aA
b
µ , (B17)
Γˆ baµ =
1
2
φbc∂ˆµφac − 1
2
∂aA
b
µ −
1
2
φbcφae∂cA
e
µ
=
1
2
φbcDµφac, (B18)
Γˆ µab = −
1
2
γµν ∂ˆνφab +
1
2
γµνφac∂bA
c
ν +
1
2
γµνφbc∂aA
c
ν
= −1
2
γµνDνφab, (B19)
Γˆ cab =
1
2
φcd
(
∂aφbd + ∂bφad − ∂dφab
)
, (B20)
where ∂ˆµγαβ and ∂ˆµφab are given by
∂ˆµγαβ = ∂µγαβ − A cµ ∂cγαβ, (B21)
∂ˆµφab = ∂µφab −A cµ ∂cφab, (B22)
and Dµφab is defined as
Dµφab = ∂µφab − A cµ ∂cφab − (∂aA cµ )φbc − (∂bA cµ )φac
= ∂µφab − [Aµ, φ]Lab. (B23)
Here [Aµ, φ]Lab is the Lie derivative of φab along the vector field Aµ = A
a
µ ∂a. From (B14),
· · ·, (B20), we also find the following useful identities,
Γˆ µµν = Γˆ
µ
νµ =
1
2
γαβ ∂ˆνγαβ, (B24)
Γˆ µµa = Γˆ
µ
aµ =
1
2
γαβ∂aγαβ, (B25)
Γˆ aνa =
1
2
φabDνφab + ∂aA
a
ν , (B26)
Γˆ aaν =
1
2
φabDνφab, (B27)
Γˆ aab =
1
2
φac∂bφac. (B28)
The scalar curvature R of the 4-dimensional spacetime is given by
R = gˆABRˆAB
= γµνRˆµν + φ
acRˆac, (B29)
where Rˆµν and Rˆac are given by
Rˆµν = Rˆ
α
µαν + Rˆ
a
µaν ,
Rˆac = Rˆ
b
abc + Rˆ
α
aαc , (B30)
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respectively. The quantities γµνRˆµν and φ
acRˆac are found to be
γµνRˆµν = γ
µνR˜µν +
1
2
γµνγαβφabF
a
µα F
b
νβ +
1
4
γµνφabφcd
{
(Dµφac)(Dνφbd)
−(Dµφab)(Dνφcd)
}
+
1
2
(
∇ˆµ + Γˆ ccµ
)
jµ +
1
2
(
∇ˆa + Γˆ ααa
)
ja, (B31)
φacRˆac = φ
acRac − 1
4
γµνγαβφabF
a
µα F
b
νβ +
1
4
φabγµνγαβ
{
(∂aγµα)(∂bγνβ)
−(∂aγµν)(∂bγαβ)
}
+
1
2
(
∇ˆµ + Γˆ ccµ
)
jµ +
1
2
(
∇ˆa + Γˆ ααa
)
ja, (B32)
respectively, and the scalar curvature R is given by their sum,
R = γµνR˜µν + φ
acRac +
1
4
γµνγαβφabF
a
µα F
b
νβ +
1
4
γµνφabφcd
{
(Dµφac)(Dνφbd)
−(Dµφab)(Dνφcd)
}
+
1
4
φabγµνγαβ
{
(∂aγµα)(∂bγνβ)− (∂aγµν)(∂bγαβ)
}
+(∇ˆµ + Γˆ ccµ )jµ + (∇ˆa + Γˆ ααa )ja. (B33)
We summarize the notations below:
1. R˜µν is defined as
R˜µν = ∂ˆµΓˆ
α
αν − ∂ˆαΓˆ αµν + Γˆ αµβ Γˆ βαν − Γˆ ββα Γˆ αµν . (B34)
Notice that the connection coefficients Γˆ αµν are given by
Γˆ αµν =
1
2
γαβ
(
∂ˆµγνβ + ∂ˆνγµβ − ∂ˆβγµν
)
, (B35)
and that R˜µν is defined using the metric γµν of the horizontal space and the horizontal vector
fields ∂ˆµ only. Therefore R˜µν is the Ricci tensor of the horizontal space.
2. Rac is defined as
Rac = ∂aΓˆ
b
bc − ∂bΓˆ bac + Γˆ bad Γˆ dbc − Γˆ ddb Γˆ bac . (B36)
The connection coefficients Γˆ cab of the fibre space N2 are given by
Γˆ cab =
1
2
φcd
(
∂aφbd + ∂bφad − ∂dφab
)
. (B37)
Therefore Rac is the Ricci tensor of N2.
3. For completeness, we quote here the definition of the diffN2-field strength F
a
µν and the
diffN2-covariant derivative Dµφab,
F aµν = ∂µA
a
ν − ∂νA aµ − [Aµ, Aν ]aL,
Dµφab = ∂µφab − [Aµ, φ]Lab. (B38)
As is shown in Appendix A, F aµν and Dµφab transform covariantly under the diffN2 trans-
formations.
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4.The derivative operators ∇ˆµ and ∇ˆa are the natural derivative operators compatible with
γαβ and φbc. In the horizontal lift basis, the compatibility conditions can be written as
∇ˆµγαβ = ∂ˆµγαβ − Γˆ δµα γδβ − Γˆ δµβ γαδ = 0, (B39)
∇ˆaφbc = ∂aφbc − Γˆ dab φdc − Γˆ dac φbd = 0, (B40)
respectively. These properties can be also checked using the formulae (B14) and (B20).
5.We also defined jµ and ja as
jµ = γµνφabDνφab, (B41)
ja = φabγµν∂bγµν . (B42)
Thus ∇ˆµjµ and ∇ˆaja are given by
∇ˆµjµ = ∂ˆµjµ + Γˆ µµν jν , (B43)
∇ˆaja = ∂aja + Γˆ aab jb, (B44)
respectively.
The last two terms containing jµ and ja in (B33) turn out to be surface terms in the
action integral, as can be seen in what follows. Let us consider the term that contains jµ.
It becomes
√−γ
√
φ
(
∇ˆµ + Γˆ ccµ
)
jµ =
√−γ
√
φ
(
∂ˆµj
µ + Γˆ ννµ j
µ + Γˆ ccµ j
µ
)
=
√−γ
√
φ
(
∂µj
µ − A aµ ∂ajµ + Γˆ ννµ jµ + Γˆ ccµ jµ
)
. (B45)
The first term in the right hand side of (B45) can be written as
√−γ
√
φ∂µj
µ = −1
2
√−γ
√
φ
(
γαβ∂µγαβ + φ
ab∂µφab
)
jµ + ∂µ
(√−γ√φ jµ), (B46)
and the second term becomes
−√−γ
√
φA aµ ∂aj
µ =
1
2
√−γ
√
φA aµ
(
γαβ∂aγαβ + φ
bc∂aφbc
)
jµ +
√−γ
√
φ (∂aA
a
µ )j
µ
−∂a
(√−γ√φA aµ jµ). (B47)
Using the equations (B24) and (B27), the last two terms in (B45) can be written as
√−γ
√
φ
(
Γˆ ννµ j
µ + Γˆ ccµ j
µ
)
=
√−γ
√
φ
(1
2
γαβ ∂ˆµγαβ +
1
2
φabDµφab
)
jµ
=
√−γ
√
φ
(1
2
γαβ ∂ˆµγαβ +
1
2
φab∂ˆµφab − ∂cA cµ
)
jµ
=
√−γ
√
φ
(1
2
γαβ∂µγαβ − 1
2
A cµ γ
αβ∂cγαβ +
1
2
φab∂µφab − 1
2
A cµ φ
ab∂cφab − ∂cA cµ
)
jµ. (B48)
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From these, we find that (B45) is indeed a total divergence,
√−γ
√
φ
(
∇ˆµ + Γˆ ccµ
)
jµ = ∂µ
(√−γ√φ jµ)− ∂a(√−γ√φA aµ jµ). (B49)
Similarly, we can show that the following is also a total divergence,
√−γ
√
φ (∇ˆa + Γˆ ααa )ja = ∂a
(√−γ√φ ja). (B50)
Thus the Einstein-Hilbert action integral in this (2,2)-KK formalism can be written as
S =
∫
d2xd2y
√−γ
√
φ
[
γµνR˜µν + φ
acRac +
1
4
γµνγαβφabF
a
µα F
b
νβ
+
1
4
γµνφabφcd
{
(Dµφac)(Dνφbd)− (Dµφab)(Dνφcd)
}
+
1
4
φabγµνγαβ
{
(∂aγµα)(∂bγνβ)− (∂aγµν)(∂bγαβ)
}]
+
∫
d2xd2y
[
∂µ
(√−γ√φ jµ)− ∂a(√−γ√φA aµ jµ)+ ∂a(√−γ
√
φ ja
)]
. (B51)
APPENDIX C: THE POSITIVE DEFINITENESS OF κ2
In this section we will show that κ2, defined in (4.11) in section IV, is positive definite.
To this end, it is convenient to work with the superspace indices A′ = (ac), B′ = (bd) such
that
ρA′ = ρac, ρB′ = ρbd. (C1)
Define the metric GA′B′ on the superspace and its inverse metric G
A′B′ by
GA′B′ =
1
2
(ρabρcd + ρadρcb), (C2)
GA
′B′ =
1
2
(ρabρcd + ρadρcb), (C3)
respectively, so that the following relation
GA
′E′GE′B′ = δ
A′
B′ (C4)
holds. Here the superspace Kronecker delta is defined as
δA
′
B′ =
1
2
(δabδ
c
d + δ
a
dδ
c
b). (C5)
This supermetric raises and lowers the superindices
GA
′B′ρB′ = ρ
A′,
GA′B′ρ
B′ = ρA′. (C6)
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Then κ2 can be written as
κ2 =
1
8
ρabρcd(D−ρac)(D−ρbd)
=
1
8
GA
′B′(D−ρA′)(D−ρB′). (C7)
The positive definiteness of κ2 comes from the positive definiteness of the supermetric GA
′B′ .
Let us notice that, when ρab = δab, this supermetric becomes
GA
′B′ = diag(+1,+1/2,+1), (C8)
which is positive definite. By continuity, it follows that
κ2 ≥ 0. (C9)
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